
8.�-XQLRU�0DWKHPDWLFDO�2O\PSLDG������6ROXWLRQV

$� ��� �� + � + �� + ��� − (� + � + � + �) = ��� í �� = ���

$� ���PO 7KH�UHPDLQLQJ�����KDV�YROXPH���PO���6R�����RI�WKH�YROXPH�LV����PO�DQG������RI
WKH�YROXPH�LV����PO�

$� ��° /HW �EH� ��7KHQ� �LV� �∠ACD x° ∠CDB �x°
7KHQ��IURP�WKH�VWUDLJKW�OLQH� � �LV� �ADB ∠ADC (��� − �x) °
&RQVLGHU�WKH�WULDQJOH� �ZLWK�DQJOH�VXP� � ��VR� �ADC ���° �� + x + (��� − �x) = ��� x = ��
+HQFH �ZKLFK�LV� �∠BCD = ∠DBC = �

� (��� − �x) ° ��°
Alternative��/DEHO� �DV� ��ZKLFK�JLYHV� �DV� ���7KHQ�XVLQJ�WKH�SURSHUW\
WKDW�DQ�H[WHULRU�DQJOH�LV�WKH�VXP�RI�WKH�WZR�RSSRVLWH�LQWHULRU�DQJOHV��ZH�KDYH�WKH
HTXDWLRQ ��JLYLQJ� �

∠ACD x° ∠CDB �x°

�x = x + �� x = ��
+HQFH��DV�DERYH�� �ZKLFK�LV� �∠BCD = ∠DBC = �

� (��� − �x) ° ��°

$� � /HW�WKH�QXPEHU�RI�ERRNV�ERXJKW�EH� �DQG�WKH�QXPEHU�RI�PDJD]LQHV�ERXJKW�EH� �
7KHQ��ZRUNLQJ�LQ�SHQFH��� ���7KLV�VLPSOLILHV�WR� ����
%XW �ZKLFK�LV�JUHDWHU�WKDQ�����VR�ZH�NQRZ� �DQG�ZH�FDQ�DOVR�VHH
IURP����WKDW� �PXVW�EH�DQ�RGG�QXPEHU���+HQFH� ����RU���

b m
���� = ���b + ���m ��� = ��b + �m

�� × � = ��� b < �
b b = �

,I �WKHQ� �VR� �ZKLFK�LV�QRW�D�ZKROH�QXPEHU�b = � ��� = �� + �m m = �� � �
,I �WKHQ� �VR� �b = � ��� = �� + �m m = �� � � = �
,I �WKHQ� �VR� �ZKLFK�LV�QRW�D�ZKROH�QXPEHU�b = � ��� = �� + �m m = �� � �
7KHUHIRUH�WKH�RQO\�SRVVLEOH�YDOXH�RI� �LV���ZKLFK�JLYHV� �b m = �

$�
�������

$Q�LQWHJHU�LV�GLYLVLEOH�E\���ZKHQ�WKH�VXP�RI�LWV�GLJLWV�LV�GLYLVLEOH�E\���
6LQFH �LV�GLYLVLEOH�E\����WKH�GLJLWV������������������DUH�QRW
VXIILFLHQW���)RU�WKH�VPDOOHVW�SRVVLEOH�LQWHJHU��ZH�FKRRVH�DQ�H[WUD�µ�¶�

� × (� + � + �) = ��

7KH�VPDOO�GLJLWV�PXVW�EH�DW�WKH�IURQW�WR�KDYH�WKH�VPDOOHVW�LQWHJHU�RYHUDOO���6R�WKH
VPDOOHVW�LQWHJHU�PDGH�IURP�WKHVH�GLJLWV�LV���������

$� �FP /HW�WKH�VKRUW�VLGHV�RI�WKH�UHFWDQJOHV�EH� �FP�DQG
�FP�

x
y
6R�WKH�VLGH�RI�WKH�VTXDUH�LV� �FP�(x + y)
7KHQ�WKH�WRWDO�SHULPHWHU�LV� �FP�� (x + y)
7KH�VLGH�RI�WKH�VTXDUH�LV�WKHUHIRUH����� = �FP .

x + y

x y



$� �

&RORXU�IRXU�FHOOV�RI�WKH���E\���JULG�EODFN��DV�VKRZQ�LQ�WKH�ILUVW�GLDJUDP�
7KHQ�DQ\�VKDSH�SODFHG�RQ�WKH�JULG�PXVW�FRYHU�D�EODFN�FHOO��QR�PDWWHU�KRZ�WKH�VKDSH�LV
SODFHG���%XW�WKHUH�DUH�RQO\�IRXU�EODFN�FHOOV��VR�WKH�PD[LPXP�QXPEHU�RI�VKDSHV�WKDW
PD\�EH�SODFHG�LV�IRXU��7KHUH�DUH�PDQ\�ZD\V�LQ�ZKLFK�WKLV�PD[LPXP�FDQ�EH�DFKLHYHG�
VXFK�DV�WKH�RQH�VKRZQ�RQ�WKH�ULJKW�

$� ��� 1LQH�VL[WHHQWKV�RI�WKH�WRWDO�FOXE�PHPEHUV�DUH�DGXOWV�DQG�VHYHQ�VL[WHHQWKV�DUH�MXQLRU�
6R�WZR�VL[WHHQWKV�RI�WKH�WRWDO��WKH�GLIIHUHQFH�EHWZHHQ�WKH�QXPEHU�RI�DGXOWV�DQG�MXQLRUV�
LV�VL[WHHQ���7KXV�RQH�VL[WHHQWK�RI�WKH�WRWDO�PHPEHUVKLS�LV���
7KH�WRWDO�PHPEHUVKLS�LV�WKHUHIRUH� ��� × � = ���

$� �� x
�

> ��
�

, �x > ���,   x > ����.:H�UHTXLUH� WKDW�LV� WKDW�LV

x
�

< ���
��

,   ��x < ����,  x < �� �
��.:H�UHTXLUH� WKDW�LV WKDW�LV�

6LQFH �LV�DQ�LQWHJHU�� �x x = ��

$�� ��� 6XSSRVH �LV� �N µabc¶
7KHQ �LV�DW�OHDVW����RWKHUZLVH�WKH�SURGXFW�LV�DW�PRVW� ��DQG�VR�GRHV
QRW�KDYH�WKUHH�GLJLWV�

a � × � × � = ��

&RQVLGHU�QXPEHUV�RI�WKH�IRUP� ��7KHQ� �LV�DW�OHDVW����RWKHUZLVH�WKH�SURGXFW�LV�DW
PRVW ��DQG�VR�GRHV�QRW�KDYH�WKUHH�GLJLWV�

µ�bc¶ b
� × � × � = ��

&RQVLGHU�QXPEHUV�RI�WKH�IRUP� ��7KHQ� �LV�DW�OHDVW����RWKHUZLVH�WKH�SURGXFW�LV�DW
PRVW ��DQG�VR�GRHV�QRW�KDYH�WKUHH�GLJLWV�

µ��c¶ c
� × � × � = ��

1RZ�WKH�SURGXFW�RI�WKH�GLJLWV�RI�����LV� ��VR�����LV�WKH�VPDOOHVW
YDOXH�RI� �

� × � × � = ���
N



%� 7KHUH�ZDV�DQ�ROG�ZRPDQ�ZKR�OLYHG�LQ�D�VKRH��6KH�KDG���FKLOGUHQ�DW�UHJXODU�LQWHUYDOV�RI���
PRQWKV���7KH�ROGHVW�LV�QRZ�VL[�WLPHV�DV�ROG�DV�WKH�\RXQJHVW���+RZ�ROG�LV�WKH�\RXQJHVW�FKLOG"

Solution
/HW�WKH�\RXQJHVW�FKLOG�EH�DJHG� �\HDUV���7KHQ�WKH�ROGHVW�FKLOG
V�DJH�LV� �x x + � × ��

�� = x + ��
6R ��7KHQ� ���7KXV� ��VR�WKH�\RXQJHVW�FKLOG�LV���x + �� = �x �x = �� x = �

%� $QDVWDVLD�WKLQNV�RI�D�SRVLWLYH�LQWHJHU��ZKLFK�%DUU\�WKHQ�GRXEOHV���1H[W��&KDUOLH�WUHEOHV
%DUU\
V�QXPEHU��)LQDOO\��'DPLRQ�PXOWLSOLHV�&KDUOLH
V�QXPEHU�E\�VL[���(YH�QRWLFHV�WKDW�WKH
VXP�RI�WKHVH�IRXU�QXPEHUV�LV�D�SHUIHFW�VTXDUH���:KDW�LV�WKH�VPDOOHVW�QXPEHU�WKDW�$QDVWDVLD
FRXOG�KDYH�WKRXJKW�RI"

Solution
/HW�$QDVWDVLD
V�LQWHJHU�EH� ���7KHQ�WKH�IRXU�QXPEHUV�DUH� �DQG� ���7KH�VXP�RI
WKHVH�QXPEHUV�LV� ���1RZ� ���6R� �EHLQJ�D�VTXDUH�PHDQV�WKDW
�PXVW�EH�D�VTXDUH�EHFDXVH���LV�DOUHDG\�D�VTXDUH��6R�WR�EH�WKH�VPDOOHVW�� �PXVW�EH������7KXV

WKH�VPDOOHVW� �LV���

a a,  �a,  �a ��a
��a �� = � × � × � = � × � ��a

�a �a
a

%� 0U�*DOORS�KDV�WZR�VWDEOHV�ZKLFK�HDFK�LQLWLDOO\�KRXVHG�WKUHH�SRQLHV���+LV�SUL]H�SRQ\��5HLQ
%HDX��LV�ZRUWK������������8VXDOO\�5HLQ�%HDX�VSHQGV�KLV�GD\�LQ�WKH�VPDOO�VWDEOH��EXW�ZKHQ�KH
ZDQGHUHG�DFURVV�LQWR�WKH�ODUJH�VWDEOH��0U�*DOORS�ZDV�VXUSULVHG�WR�ILQG�WKDW�WKH�DYHUDJH�YDOXH
RI�WKH�SRQLHV�LQ�HDFK�VWDEOH�URVH�E\����������:KDW�LV�WKH�WRWDO�YDOXH�RI�DOO�VL[�SRQLHV"

Solution
$W�WKH�VWDUW��OHW�WKH�YDOXH�RI�WKH�WKUHH�SRQLHV�LQ�WKH�VPDOO�VWDEOH�EH� �DQG�WKH
YDOXH�RI�WKH�RWKHU�WKUHH�SRQLHV�LQ�WKH�ODUJH�VWDEOH�EH��� �

� (s + ��� ���)
l

7KHQ �DQG�VR� ���$OVR� �DQG�VR
�

s
�

− s + ��� ���
�

= �� ��� s = ��� ��� l + ��� ���
�

− l
�

= �� ���
l = ��� ���
7KHUHIRUH�WKH�WRWDO�YDOXH�RI�DOO�VL[�SRQLHV�LV� �� (s + l + ��� ���) = �� ��� ���

%� $Q�LUUHJXODU�SHQWDJRQ�KDV�ILYH�GLIIHUHQW�LQWHULRU�DQJOHV
HDFK�RI�ZKLFK�PHDVXUHV�DQ�LQWHJHU�QXPEHU�RI��GHJUHHV�
2QH�DQJOH�LV�����
7KH�RWKHU�IRXU�DQJOHV�DUH�WKUHH�GLJLW�LQWHJHUV�ZKLFK�ILW
RQH�GLJLW�SHU�FHOO�DFURVV�DQG�GRZQ�LQWR�WKH�JULG�RQ�WKH
ULJKW�

,Q�KRZ�PDQ\�GLIIHUHQW�ZD\V�FDQ�WKH�JULG�EH
FRPSOHWHG"



Solution
7KH�VXP�RI�WKH�LQWHULRU�DQJOHV�RI�D�SHQWDJRQ�LV� ����°
7KH�UHPDLQLQJ�IRXU�DQJOHV�WKHUHIRUH�DGG�WR� ����°
7KH�LQWHJHU���PXVW�DSSHDU�LQ�ERWK�WRS�FRUQHUV�DQG�LQ�WKH�OHIW�KDQG�ERWWRP�FRUQHU���:H�VHH�WKDW
ZH�QHHG�WR�ILQG�LQWHJHUV� �DQG� �DOO�OHVV�WKDQ�RU�HTXDO�WR���VR�WKDW

���6R� �RU����VLQFH� �LV�DW�PRVW���
a, b, c, d y

µ�a�¶ + µ�by¶ + µ�cy¶ + µ�d�¶ = ��� � + y + y + � = � y
&RQVLGHU ��WKHQ� �DQG�ZH�QRZ�QHHG
WR�ILQG�GLIIHUHQW�VLQJOH�GLJLW�LQWHJHUV� � � �DQG� �VR
WKDW ��7KH�RQO\�SRVVLEOH�YDOXHV�RI

�DUH��������������7KHUH�DUH�IRXU�ZD\V�RI
FKRRVLQJ ��WKHQ�WKUHH�ZD\V�RI�FKRRVLQJ� ��WKHQ�WZR
ZD\V�RI�FKRRVLQJ� �DQG�RQO\�RQH�ZD\�WKHQ�OHIW�IRU� �
,Q�WKLV�FDVH��WKHUH�DUH� �ZD\V�RI
FRPSOHWLQJ�WKH�JULG�

� + �y = � y = �
a b c d

a + b + c + d = �
a, b, c, d

a b
c d

� × � × � × � = ��

�

�

�

y

a

b

c

d

&RQVLGHU ��WKHQ� �DQG�ZH�QRZ�QHHG�WR�ILQG� �ZLWK
�DQG� ���7KH�RQO\�SRVVLEOH�VHWV�RI�LQWHJHUV�DUH������������������������������������DQG�

�������������(DFK�RI�WKHVH�VHWV�FDQ�EH�XVHG�LQ���ZD\V���)RU�H[DPSOH�

� + �y = �� y = � a + b + c + d = �
a ≠ d b ≠ c

a � � � � � � � �
b � � � � � � � �
c � � � � � � � �
d � � � � � � � �

PDNLQJ�D�WRWDO�RI�DQRWKHU����ZD\V�
$OWRJHWKHU��WKHUH�DUH����SRVVLEOH�ZD\V�RI�FRPSOHWLQJ�WKH�JULG�

%� 7KUHH�LGHQWLFDO��QRQ�RYHUODSSLQJ�VTXDUHV� � � ��DOO�ODEHOOHG�DQWLFORFNZLVH��DUH
MRLQHG�DW�WKH�SRLQW� ��DQG�DUH�µHTXDOO\�VSUHDG¶��VR�WKDW� ���&DOFXODWH

�

ABCD AEFG AHIJ
A ∠JAB = ∠DAE =∠GAH

∠GBH

Solution
6LQFH�WKH�VTXDUHV�DUH�µHTXDOO\�VSUHDG¶

���+HQFH

��7ULDQJOH
�LV�LVRVFHOHV�VLQFH� �

∠JAB = ∠DAE = ∠GAH = ��°
∠GAB = ∠GAH + ∠HAJ + ∠JAB
= ��° + ��° + ��° = ���°
GAB GA = GB
7KHUHIRUH �∠GBA = ∠BGA = ��°

6LPLODUO\
���7ULDQJOH� �LV

LVRVFHOHV�VLQFH� ���7KHUHIRUH
�ZKLFK�JLYHV

�

∠HAB = ∠HAJ + ∠JAB
= ��° + ��° = ���° BAH

BA = HA
∠AHB = ∠ABH = ��°
∠GBH = ∠ABH − ∠GBA = ��° − ��° = ��°

2EVHUYH�WKDW�WKH�GLDJUDP�LV�QRW�WKH�RQO\
YDOLG�DUUDQJHPHQW�VR�WKH�DQVZHU�RI� �LV
QRW�XQLTXH�

��°

A
J

IH
G

F

E

D

C

B



%� 7KH�LQWHJHU�������LV�VXFK�WKDW
�D� HYHU\�SDLU�RI�QHLJKERXULQJ�GLJLWV��WDNHQ�LQ�RUGHU��IRUPV�D�SULPH�QXPEHU�

DQG �E� DOO�RI�WKHVH�SULPH�QXPEHUV�DUH�GLIIHUHQW�

:KDW�LV�WKH�ODUJHVW�LQWHJHU�ZKLFK�PHHWV�WKHVH�FRQGLWLRQV"

Solution
1R�WZR�GLJLW�SULPH�HQGV�LQ���RU�DQ�HYHQ�GLJLW��VR�WKDW������������RU���FDQ�RQO\�DSSHDU�DV�WKH
ILUVW�GLJLW�RI�WKH�UHTXLUHG�QXPEHU�

7KHUH�DUH�WHQ�WZR�GLJLW�SULPH�QXPEHUV�ZLWK�WZR�RGG�GLJLWV�WKDW�GR�QRW�LQFOXGH����:H�PD\�OLVW
WKHP�LQ�D�WDEOH��SXWWLQJ�WKRVH�ZLWK�WKH�VDPH�ILUVW�GLJLW�LQ�WKH�VDPH�URZ��DQG�WKRVH�ZLWK�WKH
VDPH�VHFRQG�GLJLW�LQ�WKH�VDPH�FROXPQ�

�� �� �� ��
�� ��
�� �� ��

��

1RZ�DQ\����GLJLW�QXPEHU�ZKLFK�FRQWDLQV�DOO�RI�WKHVH�WHQ�SULPHV�DQG�KDV�D�GLJLW�������������RU��
DW�WKH�IURQW�ZLOO�FOHDUO\�EH�ODUJHU�WKDQ�DQ\�IDLOLQJ�WR�GR�VR��$QG�QR�QXPEHU�RI�WKH�UHTXLUHG
IRUP�FDQ�KDYH�PRUH�WKDQ����GLJLWV��/HW�XV�DVVXPH�WKDW�ZH�FDQ�ILQG�D�QXPEHU�RI�WKLV�IRUP��WKDW
LV��FRQWDLQLQJ�DOO�WHQ�SULPHV�LQ�WKH�WDEOH�DQG�ZLWK�ILUVW�GLJLW�������������RU����DQG�WU\�WR�FRQVWUXFW
WKH�ODUJHVW�VXFK�QXPEHU�

1RWLFH�WKDW�DQ\�GLJLW� �QRW�DW�DQ�HQG�RI�WKH�QXPEHU�FRUUHVSRQGV�WR�WZR�SULPHV� �DQG� ��VR
WKDW�WKH�GLJLW� �LV�ERWK�WKH�ILUVW�GLJLW�RI�D�SULPH�DQG�WKH�VHFRQG�GLJLW�RI�D�SULPH�

x ax xb
x

)URP�WKH�WDEOH��ZH�VHH�WKDW�WKH�GLJLW���RFFXUV�IRXU�WLPHV�DV�D�ILUVW�GLJLW��DQG�RQO\�WKUHH�WLPHV
DV�D�VHFRQG�GLJLW��VR�WKDW�LI�ZH�DUH�WR�XVH�DOO�WKHVH�SULPHV��RQH�RI�WKRVH�RI�WKH�IRUP�µ�B¶�GRHV
QRW�DSSHDU�DV�SDUW�RI�D�SDLU�IURP�WKH�WDEOH��7KH�RQO\�SRVVLEOH�ZD\�WKLV�FDQ�KDSSHQ�LV�IRU�WKH
QXPEHU�WR�VWDUW� ��ZKHUH� �LV���RU�HYHQ�µd�B¶ d

6LPLODUO\��IRU�DOO�WKH�SULPHV�FRQWDLQLQJ�D�GLJLW���WR�DSSHDU��WKH�QXPEHU�KDV�WR�HQG�µB�¶�

1RZ�WKH�ODUJHVW�SULPH�RI�WKH�IRUP� ��ZKHUH� �LV���RU�HYHQ��LV�����$QG�WKH�ODUJHVW�QXPEHU
RI�WKH�IRUP� �ZLWK� �SULPH�LV������7KLV�OHDYHV����DV�WKH�RQO\�SRVVLEOH�ODVW�SDLU�RI
GLJLWV��6R�ZH�QRZ�KDYH�D�QXPEHU�RI�WKH�IRUP�����B�B�B�B�B�B�B������)URP�WKH�WDEOH�WKH�RQO\
RSWLRQ�QRZ�LV�WR�XVH����DW�WKH�VWDUW��JLYLQJ�D�QXPEHU�RI�WKH�IRUP�������B�B�B�B�B�B����

µd�¶ d
µ��e¶ µ�e¶

7R�KDYH�WKH�ODUJHVW�SRVVLEOH�DQVZHU��WKHUH�LV�RQO\�RQH�FKRLFH�IRU�WKH�GLJLW�EHIRUH�WKH���DW�WKH
HQG��VR�ZH�KDYH�
������B�B�B�B�B�����

:H�PD\�FRQWLQXH�WR�DGG�WKH�ODUJHVW�SRVVLEOH�GLJLW�WR�WKH�HQG�RI�WKRVH�DW�WKH�VWDUW��7KH
VHTXHQFH�FRQWLQXHV�

��� ���B B�B�B ���
��� ��� B�B�B ���
��� ��� ��B�B ���
��� ��� ���B ���
��� ��� ��� ���

7KH�ILQDO�QXPEHU�XVHV�DOO�WHQ�SULPHV�IURP�WKH�WDEOH��WRJHWKHU�ZLWK�WKH�ODUJHVW�SRVVLEOH�ILUVW
GLJLW�RI�WKH�QXPEHUV�WKDW�GR�VR��:KHQ�FRQVWUXFWLQJ�WKH�QXPEHU��ZH�KDYH�DOVR�XVHG�WKH�ODUJHVW
SRVVLEOH�QH[W�GLJLW�DW�HDFK�VWDJH�
7KHUHIRUH�����������������LV�WKH�ODUJHVW�QXPEHU�RI�WKH�UHTXLUHG�IRUP�


